Similarity and inclusion measures between type-2 fuzzy sets have a wide range of applications. New similarity and inclusion measures between type-2 fuzzy sets are respectively defined in this paper. The properties of the measures are discussed. Some examples are used to compare the proposed measures with the existing results. Numerical results show that the proposed measures are more reasonable. Similarity measures and Yang and Shih's algorithm are combined as a clustering method for type-2 fuzzy data. Clustering results demonstrate that the proposed similarity measures are better than the existing measures.
I. INTRODUCTION
Type-2 fuzzy sets [1] are the extension of type-1 fuzzy sets [2] . The main feature of type-2 fuzzy sets is to fuzzy membership grade of type-1 fuzzy sets. In highly uncertain situations, the performances of type-2 fuzzy sets exceed the type-1 fuzzy sets. The applications of general type-2 fuzzy sets are limited due to the computational complexity. Hence, interval type-2 fuzzy sets [3, 4] as simplified version of general type-2 fuzzy sets are favored by researchers. Currently, type-2 fuzzy sets have been greatly developed and successfully applied to time-varying signal equalization problem [6] [7] [8] [9] [10] [11] .
Similarity and inclusion measures have a wide range of applications in fuzzy reasoning, fuzzy clustering and fuzzy control. Three similarity measures for type-1 fuzzy sets were proposed in [12] . The axiom definitions of similarity measures between type-1 fuzzy sets were provided in [13] . Many valuable results about similarity measures have also been presented in [14, 15] . The inclusion measures for type-1 fuzzy sets have been studied in previous papers. The definition and construction of fuzzy DI-subsethood measures were presented in [16] . Currently, there exist dozens of similarity and inclusion measures for type-1 fuzzy sets.
Similarity and inclusion measures between interval type-2 fuzzy sets have been presented in [17] [18] [19] [20] [21] [22] . However, only a few results about similarity and inclusion measures between general type-2 fuzzy sets were presented [23] [24] [25] . Hung and Yang [23] proposed a similarity measure between type-2 fuzzy sets by using fuzzy Hausdorff distance. Yang and Lin [24] defined similarity and inclusion measures for type-2 fuzzy sets with an application to clustering. Hwang and Yang [25] proposed similarity and inclusion measures between type-2 fuzzy sets by Sugeno integral. Type-2 fuzzy measures will face the same problem with type-1 fuzzy measures. Namely, there are no universal measures. Thus, it is necessary to develop new type-2 fuzzy measures. In this paper, new similarity and inclusion measures for type-2 fuzzy sets are proposed. The properties and relationships between the proposed measures are discussed. The proposed measures with Yang and Shih's algorithm [26] are combined for clustering type-2 fuzzy data. The clustering results based on the proposed measures are more reasonable in comparison with those of [24] and [25] . The remainder of our work is organized as follows. The definition of type-2 fuzzy sets and the axiom definitions of similarity and inclusion measures between type-2 fuzzy sets are briefly reviewed in Section II. Two new inclusion measures between type-2 fuzzy sets are defined and their properties are studied in Section . Ⅲ
Two new similarity measures between type-2 fuzzy sets are proposed and their properties are considered in Section . Some examples are provided to compare the Ⅳ proposed measures with those of [24] and [25] in Section . The conclusions are s Ⅴ tated in Section . Ⅵ
II. PRELIMINARIES
In this section, the definition of type-2 fuzzy sets and the axiom definitions of similarity and inclusion measures between type-2 fuzzy sets are reviewed.
Definition 2.1[9]
A type-2 fuzzy set, denoted A , is characterized by a type-2 membership function
A can also be expressed as:
where ∫∫ denotes union over admissible x and u .
Based on the concept of secondary sets [9] , we can reexpressed A as:
Throughout this paper, the following notations are used. X is the universe of discourse; 2 ( ) F X is the class of all type-2 fuzzy sets in X ; , , A B C are three type-2 fuzzy sets, which can be expressed as follows:
Definition 2.2[24]
For any 2 , ( ),
for any x X ∈ and
Definition

2.3[24]
A real function 2 2 :
is called an inclusion measure, if I satisfies the following axioms:
Definition 2.4[24]
is called a similarity measure, if S satisfies the following axioms:
(S1) 2 , ( ), ( , ) ( , );
Yang and Lin in [24] proposed type-2 fuzzy similarity and inclusion measures based on axiom definitions, which are defined as follows:
where the notation ∫ is Lebesgue integral, and ∫ is replaced by the summation ∑ for discrete universe of discourse X or discrete primary membership x J .
III. INCLUSION MEASURES BETWEEN TYPE-2 FUZZY SETS
Two new inclusion measures between type-2 fuzzy sets are proposed and their properties are discussed in this section.
Proof.(I1) For any
On the other hand, we have
Thus,
The whole proof is completed.
,
In the following, the properties of 1 ( , ) I ⋅ ⋅ and 2 ( , ) Proof. By using the definition of 1 ( , ) I ⋅ ⋅ , we have
Considering the following three cases:
Hence, 1 1 min(1,1 * ( ) * ( )) min(1,1 * ( ) * ( ))
If (1) and (2) don't hold, then there exist 
Hence, Proof. The proof procedure is similar to proposition 3.3. where the notation ∫ is Lebesgue integral, and ∫ is replaced by the summation ∑ for discrete universe of discourse X or discrete primary membership x J .
Proof. (S1),(S2),(S3) are trivial.
Similarly Proof. The proof procedure is similar to proposition 3.5.
Proof. The proof procedure is similar to proposition 3.5. In the following, the relationships of the proposed similarity and inclusion measures between type-2 fuzzy sets are discussed. Proof. The proof procedure is similar to proposition 4.5.
IV. EXAMPLES AND COMPARISONS
In this section, some examples are presented to demonstrate the effectiveness of the proposed similarity and inclusion measures between type-2 fuzzy sets. Fuzzy C-means clustering algorithms have been presented in [27, 28, 29] . The proposed similarity measures are used to clustering for type-2 fuzzy data in this section. The obtained clustering results are compared to those of [24] and [25] . Hwang and Yang in [25] proposed similarity and inclusion measures between type-2 fuzzy sets by Sugeno integral, which are defined as follows:
where the notation ∫ is Sugeno integral, and ,0 x f and ,0 x g are 0-cuts of x f and x g , respectively.
Example 5.1 Assume that there are three type-2 fuzzy sets on 1 { } X x = denoted as follows: Based on similarity measure 1 ( , ) S ⋅ ⋅ , we obtain the similarity measures between any two type-2 fuzzy sets.
The results are showed in Table 1 . S ⋅ ⋅ , we obtain the similarity measures between any two type-2 fuzzy sets. The results are showed in Table 4 . are respectively constituted as a class. From the structure of the Gaussian type-2 fuzzy sets j A , it can be seen that the clustering results based on 1 
